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U6 Chapter 9 

Differentiation 

 

Chapter Overview 

1. Differentiate trigonometric, exponential and log 

functions. 

2. Use chain, product and quotient rules. 

3. Differentiate parametric equations. 

4. Implicit Differentiation 

5. Rates of change 
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Differentiating trigonometric functions 

 

You need to be able to differentiate sin x and cos x from first principles.  

 

Example 1 Prove, from first principles, that the derivative of sin x is cos x. 

𝑑

𝑑𝑥
(sin 𝑥) = 𝐜𝐨𝐬 𝒙 

 

If 𝒚 = 𝒇(𝒙) then 
𝒅𝒚

𝒅𝒙
= 𝐥𝐢𝐦

𝒉→𝟎

𝒇(𝒙+𝒉)−𝒇(𝒙)

𝒉
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Things of helpfulness: 
• As 𝑥 → 0,   sin 𝑥 ≈ 𝑥 

and cos 𝑥 ≈ 1 −
1

2
𝑥2 

• sin(𝑎 + 𝑏) =
sin 𝑎 cos 𝑏 +
cos 𝑎 sin 𝑏 
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Why does this result only hold in radians? 

 

 

𝒅

𝒅𝒙
(𝐬𝐢𝐧 𝒌𝒙) = 𝒌 𝐜𝐨𝐬 𝒌𝒙 

𝒅

𝒅𝒙
(𝐜𝐨𝐬 𝒌𝒙) = −𝒌 𝐬𝐢𝐧 𝒌𝒙 

 

Quickfire Questions: 

𝒅

𝒅𝒙
(𝐬𝐢𝐧 𝟑𝒙) =  

 

𝒅

𝒅𝒙
(𝐜𝐨𝐬 𝟓𝒙) =  

 

𝒅

𝒅𝒙
(𝟑 𝐬𝐢𝐧 𝟓𝒙) =  

 

𝒅

𝒅𝒙
(𝟒 𝐜𝐨𝐬 𝟑𝒙) =  
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𝒅

𝒅𝒙
(−

𝟏

𝟐
𝐬𝐢𝐧 𝒙) =  

 

𝒅

𝒅𝒙
(−

𝟐

𝟑
𝐜𝐨𝐬

𝟏

𝟐
𝒙) = 

 

Example 

[Textbook] A curve has equation 𝑦 =
1

2
𝑥 − cos 2𝑥. Find the stationary points 

on the curve in the interval 0 ≤ 𝑥 ≤ 𝜋. 
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Test Your Understanding 

A curve has equation 𝑦 = sin 3𝑥 + 2𝑥. Find the stationary points on the curve 

in the interval 0 ≤ 𝑥 ≤
2

3
𝜋. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Exercise 9A   Page 234 
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Differentiation exponential and log functions 

𝑑

𝑑𝑥
(𝑒𝑥) = 𝒆𝒙 

 

𝑑

𝑑𝑥
(𝑒𝑘𝑥) = 𝒌𝒆𝒌𝒙 

 

𝑑

𝑑𝑥
(ln 𝑥) =

𝟏

𝒙
 

 

𝑑

𝑑𝑥
(𝑎𝑥) = 𝒂𝒙𝒍𝒏 𝒂 

 

𝑑

𝑑𝑥
(𝑎𝑘𝑥) = 𝒂𝒌𝒙𝒌 𝒍𝒏 𝒂 

 

Quickfire Questions 

𝑑

𝑑𝑥
(3𝑥) = 

 

𝑑

𝑑𝑥
(𝑥3) = 

 

𝑑

𝑑𝑥
(ln(3𝑥)) = 

 

𝑑

𝑑𝑥
(32𝑥) =  
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𝑑

𝑑𝑥
(23𝑥) =  

 

𝑑

𝑑𝑥
(5 ln 𝑥) =  

 

𝑑

𝑑𝑥
(𝑒

1

2
𝑥) =  

 

𝑑

𝑑𝑥
(5 ln(2𝑥)) =  

 

𝑑

𝑑𝑡
(9𝑡) =  

 

𝑑

𝑑𝑥
(5(4𝑥)) =  

 

𝑑

𝑑𝑥
(𝑥4) =  

 

𝑑

𝑑𝑥
(ln 6𝑥) =  

 

𝑑

𝑑𝑥
(6 ln 𝑥) =  

 

𝑑

𝑑𝑥
(3𝑒2𝑥) =  

 

𝑑

𝑑𝑥
(𝑒−𝑥) =  
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 ‘Meatier’ Example: 

A rabbit population 𝑷 after 𝒕 years can be modelled using 𝑷 = 𝟏𝟎𝟎𝟎(𝟐𝒕). 

Determine after how many years the rate of population increase will reach 

20,000 rabbits per year. 

 

 

 

 

 

 

 

 

 

 

 

 

Test Your Understanding 

1. Differentiate 𝒚 = (𝒆𝒙 + 𝟐)𝟐      (Hint: Expand first) 
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2. A child has headlice and his parents treat it using a special shampoo. The 

population 𝑷 of headlice after 𝒕 days can be modelled using 𝑷 = 𝟒𝟔𝟎(𝟑−𝟐𝒕)  

a) Determine how many days have elapsed before the child has 20 headlice 

left. 

b) Determine the rate of change of headlice after 3 days. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Exercise 9B   Page 236-237 
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Differentiating combinations of functions 
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The Chain Rule 

 

 

 

 

The chain rule allows us to differentiate a composite function, i.e. a function 

within a function. 

Eg. 𝒚 = (𝟑𝒙𝟒 + 𝒙)𝟓 

Full Method: 

 

 

 

 

 

 

 

 

Doing it mentally in one go: 

(aka the ‘bla method’) 

  

 

 

 

The Chain Rule: 

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
×

𝑑𝑢

𝑑𝑥
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Further Practice 

𝒚 = (𝒙𝟐 + 𝟏)
𝟑

  

 

𝒚 = (𝐥𝐧 𝒙)𝟑  

 

𝒚 = 𝒆𝒙𝟐+𝒙  

 

𝒚 = (𝟐𝒙 + 𝟏)𝟐  

 

𝒚 = 𝐥𝐧(𝐬𝐢𝐧 𝒙)  

 

𝒚 = 𝐬𝐢𝐧 𝟓𝒙  

 

𝒚 = 𝐬𝐢𝐧𝟐 𝒙 =  

 

𝒚 = √𝒙 + 𝟏 =  

 

𝒚 = 𝐜𝐨𝐬𝟑 𝟐𝒙 =  

 

𝒚 = 𝒆𝒆𝒙
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Test Your Understanding 

C3 June 2011 Q1a 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

[Textbook] Given that 𝑦 = √5𝑥2 + 1, find 
𝑑𝑦

𝑑𝑥
 at (4,9) 
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𝒅𝒙/𝒅𝒚 

 

𝒅𝒚

𝒅𝒙
=

𝟏

(
𝒅𝒙
𝒅𝒚

)
 

 

Sometimes we might have 𝑥 in terms of 𝑦, but we want to 

find 
𝑑𝑦

𝑑𝑥
. 

1. Find 
𝒅𝒚

𝒅𝒙
 when 𝒙 = 𝟐𝒚𝟐 + 𝒚 

 

 

 

 

 

2. Find the gradient of 𝒙 = (𝟏 + 𝟐𝒚)𝟑 when 𝒚 = 𝟏 

 

 

 

 

 

 

 

 

Exercise 9C   Page 239-240 
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The Product Rule 

 

As mentioned previously, the product rule is used, unsurprisingly, when we 

have a product of two functions. 

 

The product rule: 

If 𝒚 = 𝒖𝒗 then 
𝒅𝒚

𝒅𝒙
= 𝒖

𝒅𝒗

𝒅𝒙
+ 𝒗

𝒅𝒖

𝒅𝒙
 

 

 

1. If 𝒚 = 𝒙𝟐 𝐬𝐢𝐧 𝒙, determine 
𝒅𝒚

𝒅𝒙
 

 

 

 

 

2. If 𝒚 = 𝒙𝒆𝟐𝒙, determine the coordinates of the turning 

point. 

 

 

 

 

 

 

This is quite easy to remember. Differentiate one of 
the things but leave the other. Then do the other 
way round. Then add! 
Since addition is commutative, it doesn’t matter 
which way round we do it. 
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Product + Chain Rule Examples 

1. If 𝒚 = 𝒆𝟒𝒙 𝐬𝐢𝐧𝟐 𝟑𝒙,  

show that 
𝒅𝒚

𝒅𝒙
= 𝒆𝟒𝒙 𝐬𝐢𝐧 𝟑𝒙 (𝑨 𝐜𝐨𝐬 𝟑𝒙 + 𝑩 𝐬𝐢𝐧 𝟑𝒙),  

where 𝑨 and 𝑩 are constants to be determined. 

 

 

 

 

 

 

 

2. Given that 𝒇(𝒙) = 𝒙𝟐√𝟑𝒙 − 𝟏, find 𝒇′(𝒙) 
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Test Your Understanding 

Edexcel C3 Jan 2012 Q1a 

 

 

 

 

 

 

Edexcel C3 June 2013 Q5(c) 

 

Find 
𝑑2𝑦

𝑑𝑥2, simplifying your answer. 

 

 

 

 

 

 

 

 

 

 

 

𝑑𝑦

𝑑𝑥
=

1

6𝑥(𝑥 − 1)
1
2

 

Exercise 9D   Page 242 
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The Quotient Rule 

Just as we use the ‘product rule’ to differentiate a ‘product’, we use the 

‘quotient rule’ to differentiate a ‘quotient’ (i.e. division). 

The quotient rule: 

If 𝒚 =
𝒖

𝒗
 then 

𝒅𝒚

𝒅𝒙
=

𝒗
𝒅𝒖

𝒅𝒙
−𝒖

𝒅𝒗

𝒅𝒙

𝒗𝟐  

 

1. If 𝒚 =
𝒙

𝟐𝒙+𝟓
, find 

𝒅𝒚

𝒅𝒙
 

 

 

 

 

 

2. Find the stationary point of 𝒚 =
𝐬𝐢𝐧 𝒙

𝒆𝟐𝒙  , 𝟎 < 𝒙 < 𝝅 

 

 

 

 

 

 

 

 

Memorisation Tips: 
“Bottoms first!” The 
denominator (𝑣) is the first 
term seen in the new 
denominator and numerator. 
The denominator gets 
squared. Note that in the 
numerator, we have − 
instead of the + seen in the 
Product Rule. 
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Test Your Understanding 

Edexcel C3 Jan 2012 Q1a 
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Edexcel C3 June 2012 Q3 

 

 

 

 

 

 

 

 

 

 

 

  

Exercise 9E   Page 244-245 
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Differentiating other trigonometric functions 

Differentiate 𝒚 = 𝐭𝐚𝐧 𝒙 

 

 

 

 

 

 

 

More generally: 
𝒅

𝒅𝒙
(𝐭𝐚𝐧 𝒌𝒙) = 𝒌 𝐬𝐞𝐜𝟐 𝒌𝒙 

 

Differentiate 𝒚 = 𝐬𝐞𝐜 𝒙 

 

 

 

 

 

 

More generally: 
𝒅

𝒅𝒙
(𝐬𝐞𝐜 𝒌𝒙) = 𝒌 𝐬𝐞𝐜 𝒌𝒙 𝐭𝐚𝐧 𝒌𝒙 
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𝒅

𝒅𝒙
(𝐭𝐚𝐧 𝒙) = 𝐬𝐞𝐜𝟐 𝒙 

𝒅

𝒅𝒙
(𝐬𝐞𝐜 𝒙) = 𝐬𝐞𝐜 𝒙 𝐭𝐚𝐧 𝒙 

𝒅

𝒅𝒙
(𝐜𝐨𝐭 𝒙) = −𝐜𝐨𝐬𝐞𝐜𝟐 𝒙 

𝒅

𝒅𝒙
(𝐜𝐨𝐬𝐞𝐜 𝒙) = − 𝒄𝒐𝐬𝐞𝐜 𝒙 𝐜𝐨𝐭 𝒙 

Differentiate  

(a)  𝑦 =
𝑐𝑜𝑠𝑒𝑐 2𝑥

𝑥2  

 

 

 

 

 

 

 

(b)  𝑦 = sec3 𝑥 
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Test Your Understanding So Far 

Edexcel C3 June 2013(R) Q5b 

 

 

 

 

 

 

Making use of 𝟏 ÷ 𝒅𝒙/𝒅𝒚 

Often in exam questions, you will be given 𝑥 in terms of 𝑦, but want to 

find 
𝑑𝑦

𝑑𝑥
 in terms of 𝑥. 

The key is to make use of an appropriate trig identity, e.g: 

𝐬𝐢𝐧𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒙 ≡ 𝟏         𝟏 + 𝐭𝐚𝐧𝟐 𝒙 ≡ 𝐬𝐞𝐜𝟐 𝒙 

Eg. Given that 𝒙 = 𝐭𝐚𝐧 𝒚, express 
𝒅𝒚

𝒅𝒙
 in terms of 𝒙. 

 

 

 

 

 

Exercise 9F   Page 249-251 
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Further examples 

𝒅

𝒅𝒙
(𝐚𝐫𝐜𝐬𝐢𝐧 𝒙) =

𝟏

√𝟏 − 𝒙𝟐
 

𝒅

𝒅𝒙
(𝐚𝐫𝐜𝐜𝐨𝐬 𝒙) = −

𝟏

√𝟏 − 𝒙𝟐
 

𝒅

𝒅𝒙
(𝐚𝐫𝐜𝐭𝐚𝐧 𝒙) =

𝟏

𝟏 + 𝒙𝟐
  

 

1.  Show that if 𝒚 = 𝐚𝐫𝐜𝐬𝐢𝐧 𝒙, then 
𝒅𝒚

𝒅𝒙
=

𝟏

√𝟏−𝒙𝟐
 

 

 

 

 

 

 

 

2. Given that 𝒚 = 𝐚𝐫𝐜𝐬𝐢𝐧 𝒙𝟐 find 
𝒅𝒚

𝒅𝒙
 

 

 

 

 

 

 



A Level Mathematics 

 

27 
 

Test Your Understanding 

Edexcel C3 Jan 2011 Q8b,c

 

 

 

 

 

 

 

 

Eg. Given that  𝒚 = 𝐚𝐫𝐜𝐭𝐚𝐧 (
𝟏−𝒙

𝟏+𝒙
), find 

𝒅𝒚

𝒅𝒙
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Parametric Differentiation 

Recall from the previous chapter that parametric equations are when we 

define each of 𝑥 and 𝑦 (and possibly 𝑧) in terms of some separate parameter, 

e.g. 𝑡. 

If 𝒙 and 𝒚 are given as functions of a parameter 𝒕, then 

𝒅𝒚

𝒅𝒙
=

𝒅𝒚/𝒅𝒕

𝒅𝒙/𝒅𝒕
 

1. Find the gradient at the point 𝑃 where 𝑡 = 2, on the curve given 

parametrically by 

𝑥 = 𝑡3 + 𝑡,        𝑦 = t2 + 1,   t ∈ ℝ 

 

 

 

 

 

 

2. Find the equation of the normal at the point 𝑃 where 𝜃 =
𝜋

6
, to the curve 

with parametric equations 

 𝑥 = 3 sin 𝜃 ,   𝑦 = 5 cos 𝜃 
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Test Your Understanding 
C4 June 2012 Q6 
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Exercise 9G   Page 252-254 
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Implicit Differentiation 

 

You’re used to differentiating expressions where 𝑦 is the subject, e.g. 

𝑦 = 𝑥2 + 3𝑥. The relationship between 𝑥 and 𝑦 is ‘explicit’ in the sense we can 

directly calculate 𝑦 from 𝑥. 

But what about implicit relations, e.g: 

𝑥2 + 𝑦2 = 8𝑥      𝑜𝑟    cos(𝑥 + 𝑦) = sin 𝑦 

 

 

 

 

In general, when differentiating a function of 𝒚, but with respect to 

𝒙, slap a 
𝒅𝒚

𝒅𝒙
 on the end. i.e. 

𝒅

𝒅𝒙
(𝒇(𝒚)) = 𝒇′(𝒚)

𝒅𝒚

𝒅𝒙
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Examples 

 

𝑑

𝑑𝑥
(𝑦2)  

 

𝑑

𝑑𝑥
(sin 𝑦)  

 

𝑑

𝑑𝑥
(𝑒𝑦)  

 

𝑑

𝑑𝑥
(𝑥𝑦)  

 

𝑑

𝑑𝑥
(𝑒𝑥2𝑦)  

 

𝑑

𝑑𝑥
(tan(𝑥 + 𝑦))  

 

𝑑

𝑑𝑥
(𝑥2 + cos 𝑦)  
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Meatier Examples 

[Textbook] Find 
𝒅𝒚

𝒅𝒙
 in terms of 𝒙 and 𝒚 where 𝒙𝟑 + 𝒙 + 𝒚𝟑 + 𝟑𝒚 = 𝟔 

 

 

 

 

 

 

 

 

 

[Textbook] Find the value of 
𝒅𝒚

𝒅𝒙
 at the point (𝟏, 𝟏), where 𝒆𝟐𝒙 𝐥𝐧 𝒚 = 𝒙 + 𝒚 − 𝟐  
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Test Your Understanding 

C4 Jan 2008 Q5  
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C4 June 2014(R) Q3 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Exercise 9H   Page 255-256 
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Using the second derivative 

 

Reminder: a point of inflection is where the concavity of a curve changes, i.e. 

concave to convex or vice versa, or informally, ‘swerving one way to swerving 

the other’. 

 

 

 

Examples 

1. Find the interval on which the function 𝒇(𝒙) = 𝒙𝟑 + 𝟒𝒙 + 𝟑 is 

concave. 
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2. Show that 𝒇(𝒙) = 𝒆𝟐𝒙 + 𝒙𝟐 is convex for all real values of 𝒙. 

 

 

 

 

 

 

 

 

 

 

 

 

 

3. The curve 𝑪 has equation 𝒚 = 𝒙𝟑 − 𝟐𝒙𝟐 − 𝟒𝒙 + 𝟓. Find the 

coordinates of the point of inflection. 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Exercise 9I   Page 259-261 
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Relating Rates of Change 

 

Eg. Determine the rate of change of the area 𝑨 of a circle when the radius 

𝒓 = 𝟑cm, given that the radius is changing at a rate of 𝟓 𝒄𝒎 𝒔−𝟏 
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A differential equation is an equation that can be used to calculate 

a rate of change over time (essentially, what you have just been 

doing!) 

 

Textbook. In the decay of radioactive particles, the rate at which particles 

decay is proportional to the number of particles remaining. Write down a 

differential equation for the rate of change of the number of particles. 

 

 

 

 

 

 

 

 

 

 

Textbook. Newton’s law of cooling states that the rate of loss of temperature 

of a body is proportional to the excess temperature of the body compared to 

its surroundings. Write an equation that expresses this law. 
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Textbook. The head of a snowman of radius 𝑹 𝒄𝒎 loses volume by 

evaporation at a rate proportional to its surface area. Assuming that the 

head is spherical, that the volume of a sphere is given by 𝑽 =
𝟒

𝟑
𝝅𝑹𝟑 𝒄𝒎𝟑 and 

that the surface area is 𝑨 = 𝟒𝝅𝑹𝟐 𝒄𝒎𝟐, write down a differential equation 

for the rate of change of radius of the snowman’s head. 
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Further Example 

Edexcel C4 June 2008 Q3 
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Test Your Understanding 

June 2012 Q2 

 

 

Exercise 9J   Page 263-264 

 


